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The latter consists of the external potential, the Hartree term, and the so-called exchange-correlation (xc) potential which contains all the many-body aspects of the original interacting system. In practice, this quantity has to be approximated. To deal with the presence of external magnetic fields, two generalizations of DFT have been developed; spin-density functional theory (SDFT) [2] and current-density functional theory (CDFT) [3] . In SDF T only the Zeeman term is taken into account, while in CDFT the coupling of the magnetic field to the orbital currents is also included, thus allowing for the treatment of systems in strong magnetic fields. CDFT has been used successfully to describe the magnetic behavior of atoms, molecules [4] , and extended systems [5] . However, to date, there exist only a few approximations of the xc functional of CDFT: The local density approximation (LDA) of the exchange energy is known exactly [6] , and the LDA of the correlation energy has been calculated [7] within the RPA. In SDFT, on the other hand, a ! large variety of approximate xc functionals is available. These " include the LDA (beyond RPA), gradient dependent # approximations (GDA), as well as nonlocal schemes [1] . The purpose of the present Letter is to establish an exact connection between SDFT and CDFT which is then used $ to construct new approximate functionals for both SDF T and CDFT. The stand for the operators of kinetic energy, external potential, and particle-particle interaction, respectively. The Hamiltonian of CDFT in turn 
£
The physical current density is given by
, where
£ is the paramagnetic current density,
£ is the diamagnetic contribution, and
£ is the spin-current density. The spin magnetization ¦ is finally given by 
, and
, respectively. In particular, the many-body ground u states of (1), (2), and (8) are uniquely determined by the respective densities, i.e.,
. Likewise, r the corresponding KS Slater determinants are uniquely $ fixed by these densities, i.e.,
Hence the corresponding many-body wave functions
. As an immediate consequence,
£ According to the Levy-Lieb constrained-search formulation
[8] of DFT and its recent extension [9] to CDFT, the KS ground state 
. Consequently, the noninteracting kinetic energy functionals are identical:
each of the three Hamiltonians, (1), (2), and (8), the à xc energy is defined as
. Therefore, as an immediate consequence of (9) and (10), we obtain 
È In É CDFT the true densities
all be obtained from Ó the corresponding CDFT KS orbitals. In SDFT, on the Ô other hand, only the densities
È This quantity will, in general, be different from the current resulting from the SDFT KS orbitals:
In É the following, we specialize to situations where . From this, we readily conclude that the three versions of the functional
c oincide:
the magnetic field that, within SDFT, corresponds to the densities
. We emphasize that even for a vanishing external ÿ magnetic field the spin magnetization need not be state, will have a nonvanishing orbital current. In É the following, we further specialize to situations of ¢ vanishing orbital current, i.e., we shall only consider densities ù that lie in the following set: (17),
. Taking the functional derivatives of this 
functional of SDFT depends on the magnetization only through the combination , we obtain a new
we demonstrate that (26) can also be used to obtain ¢ CDFT functionals from SDFT. We assume that we ß are given an approximate SDFT functional of the magnetization on the left-hand side of (26). In general, this , although the Ô right-hand side of (26) 
, which can then be used on the left-hand V side of (26). To ä this end we employ the Helmholtz theorem (HT) of ¢ vector analysis, which states that a vector field can be decomposed ù in a part which depends only on the sources and « another that depends only on the curl of the field:
In the second term we rewrite the argument by dividing and multiplying with the density and then use the HT again, this time
. This yields
. Inserting this result on the left-hand side of Eq. (26) we obtain another rigorous identity. The latter can be simplified by using the fact that the exact xc functional depends on the magnetization onlȳ through 
. The vorticity depends on ¢ this quantity only through its curl, so that the addition of ¢ any gradient of a scalar field to 
, which does not change the vorticity, and to choose ã 6 äå ç ae such that
. For the third term we
. This leads to 1 ( 2 4 3 5 7 6 9 8 
. This is an advantage 
